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Pro-;? groups and towers of rational homology spheres 

Nigel Boston 
Jordan S Ellenberg 

In the preceding paper, Calegari and Dunfield exhibit a sequence of hyperbolic 
3-manifolds which have increasing injectivity radius, and which, subject to some 
conjectures in number theory, are rational homology spheres. We prove uncondi- 
tionally that these manifolds are rational homology spheres, and give a sufficient 
condition for a tower of hyperboUc 3-manifolds to have first Betti number at 
each level. The methods involved are purely pro-p group theoretical. 

20E18;22E40 

In [1], Calegari and Dunfield give a conditional answer to a question of Cooper [3, 
Problem 3.58] by exhibiting a series of hyperbolic 3-manifolds Mi,M2, . . ., such that 

• the injectivity radius of M„ is unbounded; 

• subject to the Generalized Riemann Hypothesis and Langlands-type conjectures 
about the existence of Galois representations attached to automorphic forms, 
H\M„,Q) = for all n. 

These 3-manifolds are constructed as quotients of hyperbolic 3 -space by certain arith- 
metic lattices in SL2(C). In the following note, we explain how to prove uncondition- 
ally that H\M,j, Q) = for all n, without use of automorphic forms. The argument 
uses only the theory of pro-p groups (see Dixon-du Sautoy-Mann-Segal [2]). More 
specifically we prove that the pro-p completion of 7ri(M„) is ;?-adic analytic. This 
should generalize to some other lattices in SL2(C). We emphasize, however, that the 
present argument is not in general a replacement for the argument of Calegari and 
Dunfield; we expect there will be many hyperbolic manifolds to which the method 
of Galois representations might be applicable, but whose fundamental groups do not 
have analytic pro-/? completion. In particular, it follows from results of Lubotzky [5, 
Theorem 1.2, Remark 1.4] that when F is a lattice with dim//'(r, ¥p) > 4, the pro-p 
completion of F is never analytic. On the other hand, the argument here does apply to 
some non-arithmetic lattices [1, Section 6.7]. 

Note We use number theorists' notation throughout, in which Z3 denotes the ring of 
3-adic integers, not the field with 3 elements. 
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We recall some basic facts about cocompact lattices in SL2(C). Let F be a torsion-free 
cocompact lattice. Then there is a number field K (which can be taken to be the 
trace field of F) and a quaternion algebra A admitting an injection T ^ . (See 
Maclachlan-Reid [7, 3.2].) For each prime p of K, let Ap/Kp be the completion of A 
at the prime p , and write AJ, for the sugroup of elements of norm 1 . If ?7 is a uniformly 
powerful subgroup of Ap , the lower /^-central series U = Uo,Ui,U2, ■ ■ ■ is defined 
by ?7;_|_i = Uf[U, Ui]. Write H for hyperbolic 3-space; then H/F is a compact 
hyperbolic 3-manifold, which is a rational homology sphere just when //'(F, Q) = 0. 

Proposition 1 Let F be a cocompact lattice of SL2{C) and let p be a prime of K such 
that 

• the norm of p is an odd rational prime p ; 

• the closure of the image of vr : F Ap contains an open pro-p subgroup U of 
Ap such that if Tq = -k-'^{U), then Fq/F'q is isomorphic to {'L/p'Lf . 

Then every normal subgroup H of Fq with p -group quotient has H^{H, Q) = 0. In 
particular, taking F, to be ir^^iUi), the tower of compact 3 -manifolds 7i/Ti{i = 
0, 1, . . .) has unbounded injectivity radius, and each H/Ti is a rational homology 
3 -sphere. 

Proof The unboundedness of the injectivity radii of Ti/Tj follows immediately from 
the fact that the F, have trivial intersection. 

Write T for the pro-p completion of Fq . By the dimension of a pro-/:) group 7 , we mean 
the Fp-dimension of H\Tq, Fp) for any uniformly powerful open subgroup Tq of T as 
in Dixon-du Sautoy-Mann-Segal [2, Definition 4.7]. The fact that T/TP = Fq/FJ^ = 
(Z/pZ)^ implies that T is powerful [2, Definition 3.1(i)] and has dimension at most 3 
[2, Theorem 3.8]. Since U is torsion-free and has U/U^ = (Z/pZ)^, it is uniformly 
powerful [2, Theorem 4.5] and has dimension 3. Since dimension is additive in exact 
sequences of pro-p groups [2, Theorem 4.8]) we have that the surjection T —>^ U has 
finite kernel. It is clear that every open subgroup of U has finite abelianization; the 
same now follows for T . This completes the proof. □ 

We now explain how to show that the tower of manifolds studied in the preceding article 
in this volume, by Calegari and Dunfield [1] satisfies the conditions of Proposition 1. 
We recall some definitions and notation from [1]. Let D be the quaternion algebra over 
Q{y/—2) which is ramified precisely at the two primes vr and vf dividing 3 , let S be 
a maximal order of D, and let be the group of units of B. Calegari and Dunfield 
consider a manifold Mq whose fundamental group is isomorphic to B^ / it 1. 
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Let be the maximal order in the completion of D at vr ; then is a profinite group 
with a finite-index pro-3 subgroup, and the natural map — > B^ is an inclusion 
whose image contains a dense subgroup of the group B\ of elements of reduced 
norm 1. 

Let Q be the unique maximal two-sided ideal of S^; then (1 + 2") n B| is an open 
subgroup of B^. for all n > 0, and is a pro-3 group for n > 1 . Let r„ be the preimage 
of (1 + Q") n BI under B"" B^ . Then the content of [1, Theorem 1.4] is that r„ 
has finite abelianization for all sufficiently large n. In a slight discord of notation, the 
group denoted r2 by Calegari and Dunfield plays the role of Tq in Proposition 1. It 
remains only to check that r2/r2 is isomorphic to (Z/3Z)^. 

A presentation of Fi is obtained by using Magma to calculate the normal subgroups 
of index 4 in 7ri(Mo), for which a Wirtinger presentation was given in [1]. 

Gammal := Group < a,b,c,d | a*b"{-l}*c"{-l}*b*a"{-l}*d*c*d'{-l> , 

a*b*a"{-l}*d*c*d*a"{-2}*b*c , 
a*d*c*d*a"{-l}*b*d"{-2}*c"{-l}*b"{-l}, 
c*d"2*c*d"2*c*d"2, c'3, a*c*b*c*a*b*d"{-2} > 

Then T2 is the kernel of the map from Ti to its maximal elementary abelian 3 -quotient. 
One can easily compute a presentation of r2 (too long to be worth including here) and 
from there it is a simple matter to compute r2/r2. We have thus shown that the 
manifolds appearing in [1] are all rational homology spheres. 

Remark 2 The group r2 does not have the congruence subgroup property (see 
Lubotzky [5]); however, one might think of Proposition 1 as asserting a kind of "pro-3 
congruence subgroup property": every finite-index normal subgroup of r2 whose quo- 
tient is a 3 -group is indeed congruence. It would be interesting to understand which 
lattices in SL2(C) are residual /^-groups with the pro-/:) congruence subgroup property 
for some p . This property certainly cannot hold for all lattices, since there exist lattices 
with infinite abelianization (see Labesse-Schwermer [4] and Lubotzky [6]). For such 
lattices, dimH\r,¥p) < 3 by Lubotzky [5]. 
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